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Abstract
In heavy atoms and molecules, on the distances a≫ Z−1 from all
of the nuclei (with a charge Zm) we prove that ρΨ(x) is approximated
in L1-norm, by the Thomas-Fermi density.
1 Introduction
This paper is a continuation of [Ivr3]
The purpose of this paper is to provide a more refined asymptotics (with
an error estimate in L1-norm) and on the distances≫ Z−1 from the nuclei.
Let us consider the following operator (quantum Hamiltonian)
H = HN :=
∑
1≤j≤N
HV,xj +
∑
1≤j<k≤N
|xj − xk|
−1(1.1)
on
H =
∧
1≤n≤N
H, H = L2(R3,Cq)(1.2)
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with
HV = −∆− V (x)(1.3)
describing N same type particles in (electrons) the external field with the
scalar potential −V (it is more convenient but contradicts notations of the
previous chapters), and repulsing one another according to the Coulomb
law.
Here xj ∈ R
3 and (x1, . . . , xN ) ∈ R
3N , potential V (x) is assumed to be
real-valued. Except when specifically mentioned we assume that
(1.4) V (x) =
∑
1≤m≤M
Zm
|x− ym|
where Zm > 0 and ym are charges and locations of nuclei.
Mass is equal to 1
2
and the Plank constant and a charge are equal to 1
here. We assume that
(1.5) N ≍ Z = Z1 + . . .+ ZM , Zm ≍ Z ∀m.
Our purpose is to prove that at the distances a≫ Z−1 from the nuclei
the electronic density
(1.6) ρΨ(x) = N
∫
|Ψ(x, x2, . . . , xN )|
2 dx2 · · ·dxN
is approximated is approximated in L1(B(ym, a))-norm with the relative
error by the Thomas-Fermi density.
Theorem 1.1. Let X ⊂ Xa := {x : a ≤ ℓ(x) ≤ 2a} where
(1.7) ℓ(x) = min
1≤m≤M
|x− ym|
is the distance from x to the nearest nucleus. Then under assumption
(1.8) min
1≤m<m′≤M
|ym − ym′ | ≥ Z
−1/3+σ
the following estimate holds:
(1.9) ‖ρΨ − ρ
TF‖L1(X )
≤ C
{
µ2/3Z11/9−δ/3a4/3 + µZa as µ ≥ Z−5/6−δa−1/2, Z−1 ≤ a ≤ Z−1/3,
µ2/3Z5/9−δ/3a−2/3 as µ ≥ Z5/3−δa7, Z−1/3 ≤ a ≤ Z−5/21
2
with
(1.10) µ := mes(X )a−3 . 1,
and δ = δ(σ), δ > 0 if σ > 0 and δ = 0 if σ = 0.
Remark 1.2. (i) Conditions to µ are imposed to have asymptotics rather
than estimates.
(ii) The second term in the first line of the right-hand expression of (1.9)
is larger than the first term as µ ≥ Z2/3−δa3/2. In particular, the second
term is always larger as a ≤ Z−3/4, and the first term is always larger as
a ≥ Z−2/3+δ.
(iii) In [Ivr3] for a = |x − ym| ≪ Z
−1/3 using purely functional-analytic
methods, we estimate the same norm for ρΨ − ρm, where ρm is the elec-
tronic density for a single atom in the model with no interactions between
electrons. As X = Xa present estimate (1.9) is better than estimate (1.8)
of that paper, as a ≥ Z−31/39−δ
′
.
The proof is short. It is based on estimate (2.1) which is based on
functional-analytic arguments combined with the sharp asymptotics for the
ground state energy (which is also used in [Ivr3]) and on microlocal analysis
of a one-particle Hamiltonian with a potential V = WTF + ςU where U is
supported in X and satisfies |U(x)| ≤ WTF.
2 Proof of Theorem 1.1
Similarly to (4.1) of [Ivr3] under assumption(1.8) we get
(2.1) ± ς
∫
UρΨ dx ≤ Tr[(H
−
W+ν]− Tr[H
−
W±ςU+ν] + CZ
5/3−δ
with δ = δ(σ) > 0 as σ > 0 and δ = 0 as σ = 0. Recall that U is supported
in X ⊂ {x : a ≤ ℓ(x) ≤ 2a} where Z−1 ≤ a and satisfies |U(x)| ≤ ζ2 and
0 < ς ≤ ǫ.
We rewrite the right-hand expression as
(2.2) −
∫ ς
0
Tr
(
Uθ(−HW±sU+ν)
)
ds.
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After rescaling x 7→ xa−1, τ 7→ τζ−2 we are in the semiclassical settings
with h = 1/(ζa).
Due to Tauberian method we can rewrite the integrand as
h−1
∫ 0
−∞
Ft→h−1τ
(
χ¯T (t)Γ(U(x)us)
)
dτ(2.3)
with an error, essentially not exceeding
CςT−1 sup
|τ |≤ǫ1
|Ft→τ
(
χ¯T (t)Γ(|U(x)|us)
)
|(2.4)
(we will write an exact statement later) where χ¯T (t) = χ¯(t/T ), χ¯ ∈ C
∞
0 ([−1, 1]),
equal 1 on [−1
2
, 1
2
], h ≤ T ≤ ǫ, and
(2.5) us(x, y, t) is a Schwartz kernel of exp(−ih
−1tHW+sU+ν),
Γv =
∫
(Γxv) dx and Γxv = v(x, x, ·).
Using two-terms successive approximation method with unperturbed
operator HW+ν and perturbation sU , we can evaluate
Ft→h−1τ
(
χ¯T (t)Γ(U(x)us)
)
(2.6)
as
Ft→h−1τ
(
χ¯T (t)Γ(U(x)u0)
)
(2.7)
with an error, not exceeding Cµζ2h−1T 2ς × h−3 with
(2.8) µ = ‖U‖L1ζ
−2a−3.
Indeed, the absolute value of n-th term is estimated by Ch1−nT nςn−1×µh−3
for n ≥ 1. One needs just to apply a method of successive approximations.
However, (2.7) is estimated by a better expression Cµζ2h−2. It is due
to semiclassical microlocal arguments applied to Γxu, in which case non-
smoothness of U plays no role.
Indeed, for ℓ(x) ≤ ǫZ−1 we have W ≍ Zℓ−1, and 0 ≤ −ν ≤ CZ4/3, so
in this case operator HW+ν is x-microhyperbolic on energy level 0. Fur-
thermore, this operator is x-microhyperbolic on energy level 0 for ℓ(x) ≤
ǫ0|ν|
1/4 ≍ ǫ0(Z −N)
−1/3
+ and elliptic for ℓ(x) ≥ C0|ν|
1/4.
Finally, as (Z − N)+ & Z
5/7 (and |ν| & Z20/21) it follows from the
partition-rescaling technique of Subsection 5.1.1 of [Ivr1].
Thus
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(2.9) The absolute value of expression (2.4) does not exceed
Cµζ2(T−1h−2 + ςTh−4) .
On the other hand, without these microlocal arguments for ϕ ∈ C∞0 ([−1,−
1
2
],
LT ≥ h
(2.10) |
∫ 0
−∞
Ft→h−1τϕL(τ)
(
χ¯T (t)Γ(U(x)(u0 − us)
)
dτ | ≤
Ckςζ
2µh−1T 2ςh−3 × (h/TL)kL
and therefore if we replace here ϕL(τ) by 1 this would not exceed the same
expression with L = h/T , i.e. Ckςζ
2h−3 and therefore
(2.11) h−1|
∫ 0
−∞
Ft→h−1τ
(
χ¯T (t)Γ(U(x)(us − u0))
)
dτ | ≤
Cµζ2(T−1h−2 + ςTh−4).
Minimizing by T ∈ [h, 1] we get Cµζ2(ς1/2h−3+h−2) for T ≍ min
(
hς−1/2, 1
)
.
Then (2.1) implies that
(2.12) |
∫
U(x)(ρΨ(x)− ρ
TF(x)) dx|
≤ Cµ(ς1/2ζ5a3 + ζ4a2) + Cς−1Z5/3−δ ,
where we rescaled back and plugged h = 1/(ζa).
Minimizing the right-hand expression by ς ≤ ǫ we arrive to
(2.13) |
∫
U(x)(ρΨ(x)− ρ
TF(x)) dx|
≤ Cµ2/3ζ10/3a2Z5/9−δ/3 + Cµζ4a2 + CZ5/3−δ .
Next, picking up
U(x) = sign(ρΨ(x)− ρ
TF(x))φ(x)ζ2
with φ characteristic function of X . we get under assumption ζa ≥ 1
(2.14) ‖ρΨ − ρ
TF‖L1(X ) ≤ Cµ
2/3a2ζ4/3Z5/9−δ/3 + Cµζ2a2 + CZ5/3−δζ−2
= C
{
µ2/3a4/3Z11/9−δ/3 + µZa+ Z2/3−δa Z−1 ≤ a ≤ Z−1/3,
µ2/3a−2/3Z5/9−δ/3 + µa−2 + Z5/3−δa4 Z−1/3 ≤ a ≤ Z−5/21
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with µ defined by (2.8) with the second term dominated by the firs one.
Note that
(2.15) ‖ρTF‖L1(X ) . µζ
3a3 =
{
µZ3/2a3/2 Z−1 ≤ a ≤ Z−1/3,
µa−3 Z−1/3 ≤ a ≤ Z−5/21
where there is ≍ except the case of ℓ(x) & (Z−N)
1/3
+ , and we want to have
an asymptotics rather than exponent, so we request that the right-hand
expression of (2.14) be smaller than the right-hand expression of (2.15),
which means
(2.16) µ ≥
{
Z−5/6−δa−1/2 Z−1 ≤ a ≤ Z−1/3,
Z5/3−δa7 Z−1/3 ≤ a ≤ Z−5/21,
and then in both lines of (2.14) the third term is dominated and we arrive
to
(2.17) ‖ρΨ − ρ
TF‖L1(X )
≤ C
{
µ2/3a4/3Z11/9−δ/3 + µZa Z−1 ≤ a ≤ Z−1/3,
µ2/3a−2/3Z5/9−δ/3 Z−1/3 ≤ a ≤ Z−5/21.
and in the first case each of the terms could dominate even as µ = 1.
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